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I. Introduction

N RECENT years, the application of multicopter unmanned aerial

vehicles (UAVs) has experienced rapid growth across diverse
sectors, including surveillance, reconnaissance, delivery, and enter-
tainment [1-4]. Alongside their widespread use, there has been an
increasing recognition of the security risks associated with unauthor-
ized or hostile uses of multicopters. This has underscored the pressing
necessity for developing effective countermeasures [35,6]. Conse-
quently, the strategy of multicopter interception has become critically
important in the context of aerospace defense [7,8].

Central to the interception process is the interceptor’s ability to
detect the target through its sensors and maintain the line of sight
(LOS) within its field of view (FOV), a requirement known as the
LOS constraint. This study explores the problem of target interception
under the LOS constraint for multicopter interceptors. We employ a
strapdown monocular camera as the primary sensor for the interceptor
multicopters, drawing upon prior research that demonstrates the effi-
cacy of monocular cameras in aerial interception tasks [9,10]. The use
of monocular cameras allows for a more compact and streamlined
interceptor design, thereby improving agility and precision.

Autonomous multicopter interception can be primarily divided
into two categories: location-estimation-based methods and image-
based visual servoing (IBVS)-based methods. In the Mohamed
Bin Zayed International Robotics Challenge (MBZIRC) 2020 chal-
lenge, location-estimation-based methods were prominently utilized.
These methods employ a comprehensive perception-planning-con-
trol framework to intercept both static and dynamic targets [11-13].
The success of these methods depends heavily on the accuracy of
estimation, the rationality of planning, and the precision of control.
In contrast, IBVS-based methods eliminate the planning module to
reduce errors stemming from inaccurate location estimation and plan-
ning. These methods focus on bearing measurements, leading to
innovations such as guidance laws [14,15] and the use of virtual
cameras for tracking targets [16,17]. Our previous work has contrib-
uted to this field by developing an IBVS algorithm, which was tested
using a strapdown monocular camera in real flight experiments [9,10].

Despite extensive research into various interception techniques,
fundamental questions remain inadequately addressed: Is there a
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guidance law or controller that ensures that a given interceptor can
complete the interception task? Furthermore, which type of inter-
ceptor is more effective for such tasks? This study aims to address
these gaps by identifying the optimal interceptor configuration
through reachability analysis, which involves defining a systematic
measure for interception tasks.

Figure 1 illustrates two interception scenarios. The LOS is an
imaginary line between the interceptor and the target. The unit vector
along this line from the interceptor to the target is referred to as the
LOS vector. In Fig. la, the multicopter successfully intercepts and
maintains the target within its FOV, despite the target’s maneuvering
force f ... The interceptor’s strategy f, aligns the net force f ., with
the LOS vector, thereby closing the distance to the target. Conversely,
Fig. 1b depicts a scenario where improper sensor setup prevents the
alignment of the net force f,, with the LOS vector, resulting in
increasing distance and interception failure. This scenario is common
in practical applications, such as multicopters hovering at high
altitudes to search for low-altitude intruders [1,2]. It is argued that
such configurations are not ideally suited for interception missions.
The objective is to theoretically determine optimal interceptor con-
figurations for interception tasks by introducing a quantifiable mea-
sure of interceptability and employing it to optimize interceptor
design. A detailed analysis is provided in Sec. III.

Interceptability under LOS constraints is studied, akin to a reach-
ability problem where the goal is to reach a given state in finite time.
The reachable set used in multicopter pursuit—evasion games [18-20]
can be adapted to model the interception problem. Additionally,
reachability analysis has been applied in parameter configuration
design for both multicopters [21-23] and missiles [24—26]. However,
current research does not consider LOS constraints and lacks ana-
lytical reachability criteria for nonlinear systems, typically relying
on numerical computation. Building on recent work that presents a
linear quadratic guidance law for joint motion planning of a pursuer—
turret assembly considering LOS constraints [27], this Note proposes
a new form of minimax optimization [28] for interception, account-
ing for the target’s optimal strategy, and offers analytical calculation
methods and configuration guidance for interceptors.

The contributions of this Note are as follows:

1) The global LOS-constrained interceptability is defined to theo-
retically determine whether a given interceptor can complete the
interception task. This provides the theoretical basis for designing
interceptor configurations, which are further used in guidance and
control laws.

2) By integrating game theory and control theory, we propose a
computational method for the degree of interceptability (DOI). The
DOI serves as a global LOS-constrained interceptability criterion,
allowing the measurement of an interceptor’s ability to perform
interception tasks.

3) Based on the DOI, we establish analytical criteria for the DOI of
multicopters. Additionally, we provide recommendations for inter-
ceptor configuration design and verify their effectiveness through
simulations and real flight experiments.

The remainder of this Note is organized as follows: In Sec. II, we
establish the flight control rigid-body model of the interceptor relative
to the target, define global LOS-constrained interceptability, and for-
mulate the feasibility problem. In Sec. III, to solve the feasibility
problem, we define the DOI and show that the system is interceptable
if and only if the DOI is positive. We derive DOI calculation methods
for multicopters and obtain interceptor configuration design guidelines
based on the results. Finally, in Secs. [V and V, we use numerical
simulations and real flight experiments to verify the optimality of the
strategy, as well as the interception process and error for both inter-
ceptable and uninterceptable cases. The details of the simulations and
experiments can be found at https://youtu.be/bzS2TcHFS6A.
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Fig. 1 Motivation example: two scenarios of interception.

II. Model and Problem Formulation

In this section, a six-degree-of-freedom (6-DOF) rigid model of
the interceptor and the visual servo model is proposed. With them, the
interception feasibility problem is formulated.

A. Coordinate Systems and Models
1. Coordinate Systems

The coordinate systems are depicted in Fig. 2. The Earth-fixed
coordinate system (EFCS), whose basis is composed of the column
vectors of the identity matrix [e; e, es3], is chosen as the inertial
frame. The body coordinate system (BCS) is made up of an ortho-
normal basis {x;, y;, 2}, with the origin located at the interceptor’s
center of mass. The camera coordinate system (CCS) is made up of an
orthonormal basis {x,, y., z.}, with the origin located at the optical
center of the camera. The image coordinate system (ICS) is made up
of an orthonormal basis {x;, y;}, with the origin at the center of the
image. The target coordinate system (TCS) is made up of an ortho-
normal basis {x,,y,,z,} and is used to represent the position and
velocity of the interceptor relative to the target (intruder). The plane
composed of r, and ‘v — “v, is defined as the x, — z, plane, where “v
and v, are the velocities of the interceptor and target, respectively, as
detailed in the next subsection. TCS is a noninertial system, its origin
moves with the target, the x, axis is collinear with vector n, in the
same direction, the z, axis is perpendicular to the x, axis on the x, — z,
plane, and the y;, axis is determined according to the right-hand rule.

TCS

Target
(Intruder)

Image Plane

Interceptor

Fig.2 Description of the interception problem.

The interception problem is illustrated in Fig. 2, where vectors ¢ p
and “p, represent the positions of the interceptor and the target
in EFCS, respectively. The coordinate of the target in the ICS is
denoted as 'p, = [p,. p, ]”. The unit vector along the LOS in EFCS
is represented by n,, while the optical axis unit vector in EFCS is
denoted by n,.. The unit vector of the designed LOS in EFCS, called
the designed LOS vector, is represented by n,,. The intersection of
n,, with the image plane in ICS, known as the intercept point, is
represented by  p,;. The interception problem can be summarized as
ensuring that n, and n,, are collinear so that ¢ p and °p, are close to
each other.

Throughout this Note, superscripts (Fr) (F = {e},{b},{c},{i},{t})
are used to specify in which coordinate system a three-dimensional
vector r is formulated. For simplicity, vectors in TCS can omit this
superscript. Matrix R?T represents a rotation matrix from coordinate

system F; to F», Rif € SO(3), where the three-dimensional special
orthogonal group is given by SO3) ={Re€R>® | RTR=1,
det(R) = 1}.

2. Target Model
The target’s motion is represented using a point-mass model as

{ | 2 1)

‘v, =°g+‘a

where ¢p, € R3, ¢v, € R?, and “a, € R? are the target’s position,
velocity, and thrust acceleration in EFCS, respectively. The control
input of the target, “a,, is unknown to the interceptor. Vector g
represents the local gravitational acceleration in EFCS, defined as
¢g=[0 0 g]”, with g = 9.81 m/s2. The thrust-to-weight ratio of
the target, z,, is defined as the ratio of the target’s thrust acceleration to
the gravitational acceleration, given by 7, = ||°a;|| /g. The maximum
thrust-to-weight ratio of the target is denoted as 7, ,,, With the
constraint 7, < 7; -

3. Interceptor Model

The interceptor’s attitude is represented by a rotation matrix, and
its flight control rigid model [29] is summarized as

e? =y
. 1
‘v=‘g+—°f @
m

Rf, = Rj, Pw]y

where ¢p € R? and “v € R3 are the interceptor’s position and veloc-
ity in EFCS, respectively; m is the mass of the interceptor; and ¢ f €
R3 is the control input of the interceptor in EFCS. The angular
velocity in BCS is denoted by “w € R and ["w] is a skew-
symmetric matrix ([29], Chap. 5), which serves as a cross-product
map of the angular velocity .
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The cross-product map []: R® = s0(3) is defined such that
[x]xy = x X y and [x]} = —[x], for any x,y € R3, where the set
of 3 by 3 skew-symmetric matrices is denoted by s0(3) =
{(SERM | S =—8T}. Forx 2 [x; x, x3]7 €R3, the cross prod-
uct map is summarized as

0 —X3 Xo
A
[xl« = | x3 0 -x
—X, X 0

Considering the intrusion target’s movement, the interceptor’s
flight control rigid model in TCS is

p=v
.1 1
v=—f—-a,+—fr 3)
m m
R = Riforl,

where p € R® is the position of the interceptor in TCS,
p=RT(p—<p,); v R’ is the velocity of the interceptor in
TCS, v = R¢T(v — °v,) — wy X p; wy is the angular velocity of
the rotating reference frame TCS relative to EFCS; a, is the control
input of the target in TCS, a, = R¢"¢a,; f € R? is the control input
of the interceptor in TCS, f = R¢T¢f, called the controllable force;
fric = m(—°@r X p —2w7 X v — wr X (w7 X p)) represents the fic-
titious force generated by the rotation of TCS relative to EFCS,
including Euler force, Coriolis force, and centrifugal force ([30],
Chap. 5); fune = —ma, + fg. represents the uncontrollable force
of the interceptor in TCS. The detailed derivations are placed in
the Appendix. The interceptor is subjected to the net force
fnet =f+fun<:'

The pursuit-evasion game means that the control inputs of the
interceptor must take into account the control inputs of the target,
effectively finding the optimal control for the interceptor under the
worst-case action by the target. This Note considers multicopters as
interceptors. The controllable force generated by the thrust of the
propellers is given by

S =fR,Re; 4

where 0 < f < f,,, and f,, is the maximum thrust. The maximum
thrust-to-weight ratio of the interceptor is defined as 7, = f,./&-
The rotation matrix R, € SO(3) transforms the thrust vector to z,
axis in BCS. For multicopters, R is constant because the propellers
provide thrust in a fixed direction relative to the fuselage, while for
tiltrotor aircrafts, R/ is variable [31]. Vector e is the third column of
the 3 x 3 identity matrix, e; = [0 0 1]7.

4.  Camera Imaging Model

As shown in Fig. 2, the perspective projection maps from three-
dimensional space to the two-dimensional image plane: R? — R2.

Assumption 1: The origin of CCS coincides with the origin of BCS.
That is, their translation vector ¢2 = 0, and rotation matrix R? is
constant.

When the target is within the sensor’s FOV, vector n; is obtained
through a unified imaging model ([32], Chap. 11) using the image
coordinates and the focal length f . as

p

el
p 1P Py fod )

Nps, Py, fol

n, =
= RSR

The FOV is the range of the observable area that a perception sensor
can image, including the horizontal field of view (HFOV) and vertical
field of view (VFOV). The parameters ayps,, and a.,, represent the
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angles of HFOV and VFOV of the perception sensor. The FOV is
mathematically defined as C = {x | | arctan(x.; /x3)| < (1/2) oy
|arctan(xc2/xc3)| < (1/2)avfov}a where °x & [xcl Xe2 xc3]T repre-
sents x in CCS. To avoid the target being too close to the edge of the
sensor’s FOV, the practical FOV angles are defined as oy, and o, .
The corresponding FOV is C = {x | | arctan(x.; /x¢3)| < (1/2)at,
|arctan(xea /x3)| < (1/2)algy, -

The camera imaging is subject to the LOS constraint that the target
is within the sensor’s FOV:

n,eC (6)

B. Problem Formulation

For simplicity, only the control problem is considered first.

Definition 1: Dynamic system (3) is said to be interceptable if for
every initial condition p(t;), v(t,) there exists a finite time t; > 1,
and control u(t), t € [ty, t] to transfer the system state p(t;) = 0.

Moreover, the interceptability considering the sensor imaging is
defined as follows:

Definition 2: Dynamic system (3) is said to be globally LOS-
constrained interceptable if for every initial condition p(z,) € C,
v(to) there exists a finite time 7, > £, and control u(z), t € [ty, t;]
to transfer the system state p(z;) = 0; meanwhile, LOS condition
(6) holds.

Definition 1 describes the transition of a system from an initial state
to a specific state in finite time, which can be regarded as a substate or
output reachability problem [33]. It can be shown that a linear system
is reachable if and only if the acceleration capability of the interceptor
is greater than that of the target. In the actual interception task, the
LOS constraint, namely, keeping the target within the FOV of the
sensor, must be considered. Whether a system is interceptable with
the LOS constraint is summarized in Definition 2. Nonlinearity
makes the problem challenging.

Based on the above assumptions and definitions, the controller
problem is summarized as follows.

1. Feasibility Problem

Aimatfinding n,4, f 4, so thatdynamic system (3) is globally LOS-
constrained interceptable with n, = n,; and f = f,. Furthermore,
define and measure the DOI of dynamic system (3).

This study follows the principle of separating the configuration
design of the interceptor from its control. We assume that the con-
troller can rapidly respond to the designed n,; and f,, thereby
computing the interceptability. In practical applications of our pre-
vious work [9,10], the controller is responsible for achieving n, —
n,, and f — f,. This Note focuses on evaluating the interceptor
configuration and designing the LOS vector under perfect control
conditions.

Since some states cannot be obtained, such as the target motion
acceleration a,, the interceptor cannot be controlled simply according
to the thrust and attitude obtained in the feasibility problem. Practi-
cally, based on the previously designed n,,, a controller needs to be
designed to complete the interception task using only its image
observation and IMU information feedback.

III. Interceptability

In this section, to solve the feasibility problem, the interceptability
is analyzed, which is about a measure of an interceptor configuration
but not the interception controller. The interceptability guides the
design of the interceptor configuration to make interception tasks
easier to perform.

A. Degree of Interceptability Theory

The interceptability definitions and various interceptability sce-
narios are depicted in Fig. 3. For the interceptability of 6-DOF rigid
bodies illustrated in Fig. 3a, A represents the angle between the
designed controllable force f,; and the designed LOS vector n,,.
Similarly, p represents the angle between the uncontrollable force
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Fig. 3 Interceptability of 6-DOF rigid bodies and different intercept-
ability situations.

Jfunc and the designed LOS vector n,;, which is primarily related to
the direction of the target’s acceleration. The definition domain of y is
denoted as M.

To formulate easily computable algebraic interceptability criteria,
the DOI is introduced to measure the interception capability of the
interceptor. It can be formulated as a pursuit—evasion game and
modeled with a constrained minimax problem.

Definition 3: DOI is a measure of the intercepting ability of
dynamic system (3) where LOS condition (6) holds. The DOI is
defined as

T
I = min max MiaS et @)
a4 nygfa TrmaxME
L r
s.t. Q(0,e) C—e; fre (7a)
m
ngec (7b)
”fd” Sfm?Rf EgZR (7C)
lla:ll < 7/ maxg "gﬂh <0 (7d)

for an existing neighborhood €(0,¢) denoted by Q(0,¢) =
{x e R | |x| < €}, € > 0. Set Qj is a subset of SO(3) and represents
the range of values for R;. When the constraints are not satisfied,
set | = —oo.

The definition and constraints of / include the following:
Equation (7) indicates the maximum acceleration that the interceptor
can achieve in the direction of the LOS vector when the target adopts
the optimal strategy, and then normalizes it by dividing it by its own
maximum acceleration. Constraint (7a) indicates that net force f ., is
collinear with n,; even if the target adopts optimal strategy a,.
Constraint (7b) indicates that designed LOS vector n,; is within
the FOV, which varies with different types of perception sensors.
Constraint (7¢) indicates that the magnitude of thrust £, is not greater
than the maximum thrust f,,. Constraint (7d) indicates that the target
acceleration is constrained by its maximum thrust-to-weight ratio.
The interceptor is deployed in the direction of the target’s intrusion.

In typical pursuit-evasion games [20], the evader’s goal is to
maximize the time to capture, while the pursuer aims to minimize
it. In contrast, in Eq. (7), the target seeks to minimize the intercept-
ability metric, making it harder to intercept, while the interceptor
maximizes this metric to enhance its intercept capabilities. This
distinction reflects the focus on system design rather than dynamic
strategy optimization during the pursuit process.

TECHNICAL NOTES

The application of the DOI is introduced in Sec. III.C. Further
study of the DOI leads to the following results: Lemma 1, the
coplanarity of optimal policies, and Theorem 1, the relationship
between the DOI and global interceptability.

Lemma 1: The optimal strategies a; and f7; of the target and
interceptor are both on v—n,,; plane, which is defined as the plane
composed of v and n,,.

Proof: The solution to a DOI is divided into two steps. First, for
any a, satisfying constraint (7d), the corresponding strategies f;(a,)
and n},(a,) of interceptors that satisfy constraints (7a—7c) are
obtained as

nj(a), fi(a,) = arg’?}j‘iifx[ I(n,, fqla) ®
s.t.  (7a), (7b), (7c), (7d)

Then, the target selection strategy minimizes the DOI, and the
corresponding f}(a,) is denoted as f;. The optimal strategy of the
target is

a;“ = argnlllin 1(0, | n;*d(a[),ff,(a,))

st (7a), (7b), (Tc), (7d)

®

The optimal strategy pair of the target and interceptor (a;, f7) is an
equilibrium point in this pursuit-evasion game. Neither party can
increase their expected payoff by changing their strategy while the
other party’s strategy remains unchanged.

The normal component of vector x is defined as x,, x, =
x —nlxn,,. By constraint (7a) in Eq. (9), for a given ¢ > 0, the
target’s optimal strategy is to maximize |[(1/m)funcs + €vy]l-
According to the definition of the normal component x |, we have

1
H_funcl_i_evj_ < ”_funcj_ +€”vl”
m m
1
= | = fiicL — || +ellvpll
m
1
<llall + Zfﬁcj_ +ellvy |

The equality holds if and only if a,;, ff.,, and v, are collinear.
According to the definition of f., fr. is on the v—n,,; plane; there-
fore, a; is also on this plane. O

Lemma 1 shows that the optimal strategies are on the same plane,
thus reducing the three-dimensional interception problem to a two-
dimensional plane scenario. In the simulation section, it is verified
that the target adopts other strategies to make it intercepted in a
shorter time.

Theorem 1: If and only if I > 0, then dynamic system (3) is
globally LOS-constrained interceptable with constraint (6).

Proof: 1) Condition conversion: According to Lemma 1, the
optimal strategies a; and f7; for the target and interceptor both lie
on the v—n,, plane. Hence, only convergence on this plane needs to
be considered. From Definition 2, the theorem is equivalently stated
as follows: For dynamic system (3) with observation models (5) and
(6), if and only if I > 0 then for all p(#,) and v(%,), there exist a finite
time #; > #, and control u(t),t € [ty, t;] to transfer the distance
between the interceptor and target p(z;) = 0.

2) Proof of sufficiency: Assume I > 0, so the constraint (7a) holds
under LOS and maximum thrust constraints. Along x, and z, direc-
tions, dynamic system (3) decomposes into horizontal and vertical

subsystems as
v, =nlp
v, = elv

From the null-controllable theory ([34], Theorem 1.1) [35], if there
exists a set Q(0, ¢) € R3 containing # = v, = 0 in its interior, the
vertical subsystem is null-controllable. This implies that a bounded
admissible control u(t), defined on some finite interval ¢, < ¢ < 1,
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can steer v, to 0. Given that constraint (7a) holds, the subsystem in the
Z, direction stabilizes at the equilibrium point 0.

As shown in Fig. 3b, suppose that, at time #; > #,, v is collinear
with n,4, i.e., v,(f;) = 0. At this time, TCS no longer rotates relative
to the inertial system, and the acceleration aligns with n,;, v =
(1/m)f, — a,. Consequently, the interceptor approaches the target
with uniform acceleration, and the total interception time is tp =
1+ [1/0,()](V 03 (11) + 0,(11) pi(1) = v(11)).

3) Proof of necessity: The necessary condition is proved by
contraposition: if / <0, the distance between the interceptor and
target cannot reduce to zero in finite time. The condition / <0
encompasses two cases.

Case 1: As shown in Fig. 3c, the LOS and maximum thrust
constraints are satisfied, but n7,9 < 0. Assume that at time #; > f,,
v is collinear with n,4, v_(#;) = 0. However, acceleration v, opposite
to the designed LOS vector will cause the interceptor to move away
from the target, p,(f) = p,(t;) + v ()t + (1/2)0,(t;)1> — —oo,
making interception impossible.

Case 2: As shown in Fig. 3d, constraint (7a) is not satisfied,
Q(0,¢) ¢ nT, v, so v cannot be collinear with n,,; under LOS and
maximum thrust constraints. The target adopts the optimal strategy
af, and then in z, direction, v,(f) = fﬁonguf) dt > v,(tp),and d(z) >
d(ty) for t > t,. Thus, the target can use a control strategy that
prevents the interceptor from successfully intercepting it.

Proofs of cases 1 and 2 conclude the proof of necessity. O

B. Analytical Criteria of the DOI in Practice

The solution to the DOI is obtained by solving Eqgs. (8) and (9)
sequentially. First, the key to solving Eq. (8) is finding the optimal
strategies for the interceptor f;(a,) and n},(a,). This is equivalent to
determining the magnitude of the controllable force || f%| and the
angle A* between the controllable force and the designed LOS vector
n,,. Constraint (7a) is equivalent to (0, &) C {||f4ll sin 2 — || funcll
siny | u € M}. For any feasible target strategy, the minimum fea-
sible value of A,;, = arcsin ((|| func |l sinu + €)/f,,). The minimum
feasible value that satisfies constraint (7) is Ag,. Therefore, the
minimum angle between the controllable force f; and the designed
LOS vector n,; in a feasible interceptor configuration is A* =
max (Amins Afoy). Thus, f7(a,) and n},(a,) are determined. If con-
straint (7a) is still not satisfied, the interceptor is uninterceptable due
to practical constraints.

Next, solving Eq. (9) involves finding the target’s optimal strategy
a;, which is equivalent to determining the magnitude of the uncon-
trollable force || f.| and the angle u* between the uncontrollable
force and the LOS vector. In the system’s steady state, when the angle
between the uncontrollable force f,,. and the LOS vector n,; is y,
we have || fyl| = || funcll(sin g/ sin A*). At this point, the net force
fnee and the LOS vector n,; are collinear, and | f.o| =
| func l| (cos u + sin p cot 4*). The target adopts maximum accelera-
tion 7, ,,,/mg and the optimal strategy #* to minimize the net force.
By combining these, we can derive the target’s optimal strategy a;,
and, accordingly, the interceptor’s optimal strategies f7(a;) and
n},(a;) are also determined.

Considering the power and camera configuration of the interceptor
in practice, the DOI is a measure of the intercept capability of
dynamic system (3) under LOS condition (6). For an interceptor,
the DOl is calculated as

_ Wl (eos " + sin e ot %)

Tt.maxmg

1

(10)

Equation (10) provides an analytical criterion rather than an opti-
mization problem as in Theorem 1. In the next subsection, specific
design recommendations are provided based on the characteristics of
the multicopter.

C. Multicopter Design Guidelines

When utilizing a multicopter as an interceptor, the different inter-
ceptable cases are illustrated in Fig. 4. In Fig. 4a, common cameras
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have a limited FOV as shown in region I; gimbal cameras have a
variable FOV as shown in region II; and panoramic cameras and
omni-directional LiDAR have a 360° FOV as shown in region IIIL.
Several key angles are defined as follows: f € [—(z/2), (z/2)] rep-
resents the angle between the designed controllable force f,; and the
25, axis; ¥ € [—(Agoy/2), (@goy/2)] represents the angle between the
designed LOS vector n,; and the optical axis unit vector n., which
varies with the designed LOS vector; 6. € [—(x/2), (z/2)] represents
the angle between the optical axis unit vector n. and the plane of the
fuselage, indicating the camera installation angle. If the multicopter is
equipped with a strapdown camera, §, remains constant. The pro-
pellers generate thrust in a direction fixed relative to the fuselage,
making R constant. The angle A* guides the multicopter configura-
tion design, requiring 4, > A* or 1; < —4*.

1. Feasible DOI, I > 0

According to the geometric relationship, A, should satisfy
Aq = (n/2) + 6. — f —y. As illustrated in Fig. 4b, the interceptor
locks onto the target and accelerates along the designed LOS vector.
The following design considerations emerge from analyzing the
multicopter configuration parameters:

1) The thrust must have a forward acceleration component; a larger
p facilitates interception tasks.

2) The designed LOS vector should be upward relative to the
optical axis direction, implying y > 0.

3) The camera should be installed facing upward, indicating
o, < 0.

Furthermore, when A; = A,,;,, I reaches its maximum value,
Imax = (Fin/Trmax8) = (Tmax/Trmax)- At this point, the thrust is
sufficiently aligned with the optical axis and sufficiently strong.
Therefore, to achieve the theoretical maximum DOI, a multicopter
should be designed with its thrust direction aligned with the optical
axis and a high thrust-to-weight ratio. This design principle is similar
to the propulsion and sensor configuration of missiles. In summary,
besides the aforementioned recommendations, installing a camera
aligned with the thrust direction can help achieve the theoretical
maximum DOL

2. Infeasible DOI, I <0

In Fig. 4c, the multicopter fails to intercept the target because the
constraints in Eq. (7) are unmet, and the net force does not align with
the designed LOS vector. Two primary reasons typically account for
this failure:

1) The interceptor’s acceleration is insufficient compared to the
target’s escape acceleration, f,, < || funcll-

2) An unreasonable multicopter configuration results in 4; >
(7/2), and (cos u* + sinu* cot1,) < 0.

Fig. 4 Interceptability of multicopters.
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IV. Numerical Simulation

This section illustrates the concept of interceptability using exten-
sive Monte Carlo numerical simulations, which graphically represent
the trajectories and statistical characteristics of interceptors under
various DOI conditions. First, the simulations demonstrate that the
DOI is calculated assuming both sides adopt optimal strategies,
thereby verifying Lemma 1. It is shown that a target is intercepted
more quickly when it deviates from the optimal strategy. Sub-
sequently, simulations of interception efficacy across diverse multi-
copter configurations validate Theorem 1, establishing the DOI as a
practical framework for interceptor configuration.

A. TIllustrative Optimal Strategy

The computer simulation utilizes the interceptor model as defined
by Egs. (3-6). When both the interceptor and the target adopt optimal
strategies, a positive interceptability index (I > 0) indicates that
interception is feasible. Conversely, if the target deviates from the
optimal strategy, the interceptor can achieve interception more
rapidly.

The initial conditions within TCS are established as

p(0) =[~15 10 0" m,

v(0)=[1 0 —2]" m/s (11)
Table1 Parameters of the optimal policy and spiral
Intrusion a; Tmax__ Trmax__ @vfovs deg a\//fovs deg ﬂa deg 5()7 deg
Optimal  Eq. (7) 2 1 120 90 30 0
Spiral Eq.(12) 2 1 120 90 30 0
20
1=0.71
15 4
10
5 A, 3
g, E@é a, l
h v
5
-10 4
-15 4
-20 T T T T T T T
20 15 10 5 0 5 10 15 20
2, (m)
a) Optimal

—— Interceptor trajectory, Optimal
Interceptor trajectory, Spiral
Intruder trajectory

-150
-100 120
7, (m) -50 0

¢) Trajectory

d(m)
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The target adopts a spiral motion to invade. Its acceleration is
perpendicular to the axis, rotates counterclockwise, and always
maintains the maximum acceleration capability as

at(t) = Tt.mangx(IOt)e3 (12)
where R, (0) represents the rotation matrix that rotates an angle
6 € R around x, axis. Additional parameters are detailed in Table 1.

Itis assumed that both vehicles possess complete knowledge of the
parameters necessary to execute their guidance strategies. The inter-
ceptor and target are launched simultaneously at the scenario’s onset.
The simulations are carried out to solve the differential equation and
optimization using the Python scipy toolbox.

The miss distance [36] represents the minimal separation between
the interceptor and its target, serving as a metric for interception
precision. The simulations for both optimal and spiral strategies are
terminated once the miss distance reaches 1 m, which is less than the
physical dimensions of the entities involved.

Figures 5a and 5b depict the trajectories of the interceptor and
target within TCS. Figure 5c shows the interception trajectories, and
Fig. 5d shows the temporal variation of the distance between the
interceptor and target. The target following the optimal strategy is
intercepted at 1.68 s, whereas the target employing the spiral motion
is intercepted more rapidly at 1.49 s. This highlights the validity of the
DOI definition. The most challenging interception scenarios occur
when the target employs its optimal strategy, and the DOI serves as a
measure of the interceptor’s capability in these exacting scenarios.

B. Examples of Interceptors
1. DOI Measures the Interception Capability of the Interceptor

The trajectories of the interceptor and target in both TCS and EFCS
are shown in Figs. 6a—6c¢. The initial position of interceptors is set to

20
1=0.96

§ ild\at
v a

net

-20 -15 -10 -5 0 5 10 15 20

I — e Optimal
175 Spiral

T T T T T T T T

0 02 0.4 06 0.8 1.0 1.2 1.4

d) Time of interception

Fig. 5 Comparison of optimal strategy and spiral strategy.
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Fig. 6 Interceptable and uninterceptable situations of multicopters, and their statistical results.

[0 0 0]7, and the velocity starts from rest; the initial state in TCS is
shown in Eq. (11). The experiments specify four sets of parameters,
as shown in Table 2. The interception trajectories are depicted in
Fig. 6¢, and the distance between the interceptor and the target varies
with time, as shown in Fig. 6d. When I = 0.96, the target is inter-
cepted at 1.21 s; when I = 0.82, the target is intercepted at 1.30 s;
when I = 0.71, the target is intercepted at 1.40 s. Conversely, when
I = —0.5, the interceptor fails to intercept the target at 2.00 s, with a
relative distance of 39.25 m from the target. These results indicate

Table 2 Parameters of the interceptable and uninterceptable cases

Case Tmax_ Tr,max_ @vfovs deg a\//f(w» deg ﬁ’ deg 5(:9 deg !

Interceptable 2 05 120 90 30 =30 0.96
2 1 120 90 30 0 0.82
2 1 120 90 30 30 0.71

Uninterceptable 2 1 90 60 0 60 —0.50

that an interceptor with a larger DOI more effectively performs the
interception task.

2. DOI Determines Whether the Interceptor Can Complete the
Interception Task

The initial position of interceptors is set to [0 0 0], while the
initial positions of the targets are randomly generated within the
range [-30,—10] x [-10, 10] X [0, 20]. The velocity magnitude is
10 m/s, and the direction is randomly generated. Each set of param-
eters is simulated 50 times, and the scatter diagram of the miss
distance between the interceptor and the target within 100 s is
obtained, as shown in Fig. 6e. We encapsulated all instances where
I > 0 inside a circle centered at the origin, defining its radius as the
experimental set miss distance, which specifically measures 0.25 m.
It can be observed that the results for cases with / > 0 are all smaller
than the physical size within 0.3 m. Additionally, the mean miss
distance is 0.11 m, with a standard deviation of 0.09 m. In contrast,
the results for cases with / < 0 are larger than the physical size. This
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supports the validity of Theorem 1, affirming that / > 0 is a criterion
for global LOS-constrained interceptability.

V. Multicopter Interception Flight Experiments

The efficacy and resilience of the proposed method have been
thoroughly validated through extensive simulations, which provided
a controlled environment to assess its performance. Building on the
multicopter design recommendations and the insights gained from
these simulations, real flight experiments were conducted to confirm
the method’s viability and applicability in real-world conditions.

A. Design of Flight Experiments

The multicopter designated as the interceptor in our real flight
experiments is illustrated in Fig. 7. The interceptor multicopter is
custom-designed, featuring an NVIDIA Jetson Xavier NX onboard
computer and a front-facing CSI camera with a 120° HFOV and 90°
VFOV. The camera was strapped down to the body, and seven sets of
experiments were conducted with camera installation angles of 0°,
+15°, £30°, and +45°. The onboard computer performed target
detection, target estimation, and high-speed intercept control algo-
rithms [10].

As depicted in Fig. 7, the target intruder consisted of a red balloon
tethered to a multicopter. The flight path of the target was predeter-
mined to follow a rectangular pattern, which remained undisclosed to
the interceptors. The precise location of the target was subject to
variability due to both the movement of the multicopter carrying it
and the influence of wind.

B. Flight Data Analysis

The data obtained from the aforementioned sets of experiments
were subjected to interceptability analysis, the results of which are
presented in Table 3. The experimental outcomes align well with the
theoretical predictions. Among the interceptable experimental sets,

[Tntcrocpror JL Tereet |

o

%HL
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Table3 Parameters of real flight experiments

Case Tmax Trmax Ovfov» d€g g, deg B, deg o, deg 1
Interceptable 2 1 90 80 0 0 0.73
2 1 90 80 0 —-15 0.81
2 1 90 80 0 =30 0.96
2 1 90 80 0 —45 0.97
2 1 90 80 0 15 0.69
Uninterceptable 2 1 90 80 0 30 -0.50
2 1 90 80 0 45 -0

the interceptor successfully intercepted the upper target in the
fastest instance at an installation angle of 15°. For the experimental
sets that were uninterceptable, the target repeatedly moved in and
out of the edge of the FOV, and the interceptor ultimately failed to
intercept the target. This failure was due to the camera installation
angle being oriented too far downward, resulting in conflicting
control commands to maintain the target within the FOV while
keeping the interceptor close to the target. This can be observed
in the nonsmooth trajectory. The experimental outcomes align with
the hypotheses presented in this Note and serve to fulfill the research
objective.

For additional experiments and detailed analysis, see the supple-
mentary video: https://youtu.be/bz52TcHFS6A.

VI. Conclusions

This study delves into the interception capabilities of a specific
class of interceptors within the LOS constraints. The salient conclu-
sions are as follows:

1) The study introduces the definitions of global LOS-constrained
interceptability and the DOI, affirming that an interception system
is interceptable if the DOI is positive. Analytical criteria for the

Success Success Success Success

N G5 o
¢) -30° d) -45°

b) -15°

u

-20

g) 45°

Fig.7 Real flight experimental procedure with different camera installation angles. It includes third-person view (TPV) and first-person view (FPV). At

the bottom is a plot of the interceptor’s trajectory for each experiment.
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DOI of multicopters have been established, accompanied by design
recommendations.

2) Simulations reveal that interceptors with a DOI that positions
the thrust direction nearer to the perception sensor’s FOV center have
superior interception capabilities. Additionally, a higher DOI facili-
tates the execution of interception tasks.

These findings are corroborated by real flight experiments, under-
scoring the DOJ’s practical relevance.

Future research will broaden these findings to encompass all
interceptor types. Considering aerodynamics, such as those affecting
fixed-wing aircraft and interceptor missiles, interceptability becomes
avariable contingent on state conditions. Additionally, the concept of
local interceptability warrants further exploration.

Appendix A: Detailed Derivation of the Interceptor’s
Flight Control Rigid Model in TCS

Starting from Egs. (1) and (2) and using the definition of the TCS,
we can express the relationship between the position vectors in the
EFCS and TCS as

‘p—°p;=Rip (A1)

Here, R; is the rotation matrix from TCS to EFCS. The time deriva-
tive of RY is given by

R; = R[] (A2)

where wy represents the angular velocity of TCS relative to EFCS.
Differentiating Eq. (A1) with respect to time, we obtain

‘v—‘v, = Ri[wrlxp + R p (A3)
This expression simplifies further to
R{"(‘v-<v)=wrxXp+p
Thus, we obtain the expression for p:
pP=R"(v-‘v)-wrxp (A4)
Next, defining v £ p, we differentiate Eq. (A3) again:

v =V, = Ri|orlilorlp + Riorlxp + Ri[orlp + Ri[orlp
+ R¢p

Simplifying this, we arrive at
ol ., & . A
R} af— a,| = worX(wrxXp)+aorxp+20rxXp+p

From this, the expression for p becomes

| . .
p:E‘f_at_wTX(wTXp)_wTXP_szXP

Here, the fictitious forces generated by the rotation of the TCS
relative to the EFCS, including the Euler force, Coriolis force, and
centrifugal force [30], are defined as

Sfic = m(=¢or X p =207 X v — w7 X (0 X p))

Thus, we obtain
. 1 1
v=—f—a,+— fr (AS)
m m

By combining Egs. (A2-AS5), we obtain Eq. (3), which describes
the interceptor’s flight control rigid-body model in TCS.
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